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BME 2152:  Study on ANOVA (ANalysis Of VAriance) 

Objective of the experiment: 

 To compare means of  more than two populations 

 To perform one-way ANOVA 

 To perform two-way ANOVA 

 To perform N-way ANOVA 

 To perform Multiple comparison test to get information about which pairs of means are 

significantly different 

Required software for this experiment: a) Matlab  b) MS Excel 

Theory: 

Analysis of variance (ANOVA) provides methods for comparing several population means, that is, 

the means of a single variable (the response variable) for several (groups of) populations. This 

grouping of population is done by classifying the whole population according to another variable, 

called factor. The possible values of the factor are referred to as the levels of the factor. 

For example, suppose that you want to compare the mean energy consumption by households among 

the four regions of the USA. The variable under consideration is “energy consumption,” and there are 

four populations: households in the Northeast, Midwest, South, and West.  The  four  populations  

result  from  classifying households by the factor “region,” whose levels are Northeast, Midwest, 

South, and West. 

We can also compare the mean energy consumption by households according to marital status of the 

people. The variable under consideration is “energy consumption,” and there are two populations: 

single and married. The two populations result from classifying households by the factor “marital 

status,” whose levels are single and married. 

In one-way ANOVA, the whole population is classified according to one factor and compare means 

among these population groups.  

In two-way ANOVA, the whole population is classified according to two factor and compare means 

among these population groups. For example, suppose that you want to consider the effect of “region” 

and “home type” (the two factors) on energy consumption (the response variable).  Two-way ANOVA 

permits you to determine simultaneously whether region affects mean energy consumption, whether 

home type affects mean energy consumption, and whether region and home type interact in their 

effect on mean energy consumption (e.g., whether the effect of home type on mean energy 

consumption depends on region).  

Similarly, in N-way ANOVA, the whole population is classified according to N factors and compare 

means among these population groups. 

MANOVA:  (Multivariate analysis of variance) 

The MANOVA or multivariate analysis of variance tests the hypothesis that if one or more 

independent variables (i.e. factors), have an effect on a set of two or more dependent variables (i.e. 

response variables). 
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For example, we may conduct an experiment where we give two treatments (A and B) to two groups 

of mice, and we are interested in the weight and height of mice. In that case, the weight and height of 

mice are two dependent variables, and our hypothesis is that both together are affected by the 

difference in treatment. A multivariate analysis of variance could be used to test this hypothesis. 

MANOVA is simply an ANOVA with several dependent variables. That is to say, ANOVA tests for 

the difference in means between two or more groups, while MANOVA tests for the difference in two 

or more vectors of means. 

Assumptions (Conditions) for ANOVA: 

1. Simple random samples: The samples taken from the populations under consideration are simple 

random samples.  

2. Independent samples: The samples taken from the populations under consideration are independent 

of one another.  

3. Normal populations: For each population, the variable under consideration is normally distributed.  

4. Equal standard deviations: The standard deviations of the variable under consideration are the same 

for all the populations. 

Normal probability plots of the sample data are effective in detecting gross violations of normality. As a rule 

of thumb, you can assume standard deviations are equal if the ratio of the largest to the smallest sample 

standard deviation is less than 2. We call that rule of thumb the rule of 2. 

The Logic Behind One-Way ANOVA 

  

                       Fig 1(a)                                                                          Fig 1(b) 

Fig. 1(a) & (b) shows samples of size n=5 from each of the two populations and their respective sample means  

𝑥1̅̅̅ & 𝑥2̅̅ ̅ . If the true means of the populations are µ1 & µ2 then for Fig. 1(a) we  cannot  infer  that µ1 = µ2 

because  it  is  not  clear  whether  the  difference  between  the  sample  means  is  due  to  a  difference  

between  the  population  means  or  to  the  variation  within  the populations. But from Fig. 1(b) for these 

two sample means, 𝑥1̅̅̅ = 20 and 𝑥2̅̅ ̅= 25. But this time, we can infer that µ1 = µ2 because it seems clear that 

the difference between the sample means is due to a difference between the population means, not to the 

variation within the populations. [This fact can be proved mathematically] 

Thus, the basic idea for performing a one-way analysis of variance to compare the means of several 

populations:  

I. Take independent simple random samples from the populations.  

II. Compute the sample means.  

III. If the variation among the sample means is large relative to the variation within the samples, 

conclude that the means of the populations are not all equal. 
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Mean Squares and F-Statistic in One-Way ANOVA 

The variation among the sample means: It is represented by Treatment mean square,  

𝑀𝑆𝑇𝑅 =
𝑆𝑆𝑇𝑅

𝑘 − 1
 

Where,  

SSTR= treatment sum of squares =  

k = number of population under consideration;  𝑥�̅� = 𝑠𝑎𝑚𝑝𝑙𝑒 𝑚𝑒𝑎𝑛 𝑜𝑓 𝑖𝑡ℎ 𝑝𝑜𝑝𝑢𝑙𝑎𝑡𝑖𝑜𝑛 

�̅� = 𝑜𝑣𝑒𝑟𝑎𝑙𝑙 𝑚𝑒𝑎𝑛 𝑜𝑓 𝑎𝑙𝑙 𝑛 𝑜𝑏𝑠𝑒𝑟𝑣𝑎𝑡𝑖𝑜𝑛𝑠  

Note that MSTR is similar to the sample variance of the sample means. In fact, if all the sample sizes are 

identical, then MSTR equals that common sample size times the sample variance of the sample means. 

The variation within the samples: It is represented by Error mean square, 

𝑀𝑆𝐸 =
𝑆𝑆𝐸

𝑛 − 𝑘
 

Where, n = total number of observations 

SSE= error sum of squares = (𝑛1 − 1)𝑠1
2 + (𝑛2 − 1)𝑠2

2 + ⋯ + (𝑛𝑘 − 1)𝑠𝑘
2  =  ∑(𝑥1 − 𝑥1̅̅ ̅)2 + ∑(𝑥2 − 𝑥2̅̅ ̅)2 + ⋯ + ∑(𝑥𝑘 − 𝑥𝑘̅̅ ̅)2  

𝑥𝑖 = 𝑠𝑎𝑚𝑝𝑙𝑒𝑠 𝑜𝑓 𝑖𝑡ℎ 𝑝𝑜𝑝𝑢𝑙𝑎𝑡𝑖𝑜𝑛; sample std. deviation,  𝑠 = √∑(𝑦 − �̅�)2 (𝑁 − 1)⁄ . 

F-statistic,  F:   The  ratio  of  the  variation  among  the  sample  means  to  the variation within the samples:   

𝐹 =
𝑀𝑆𝑇𝑅

𝑀𝑆𝐸
 

 

Courtesy: Introductory Statistics. Neil A. Weiss. 9th Edition. 

One-Way ANOVA Identity 

Total variation among all the sample data is represented by the total sum of squares, SST, and is defined as 

𝑆𝑆𝑇 = ∑(𝑥𝑖 − �̅�)2 

Where, 𝑥𝑖 = 𝑣𝑎𝑙𝑢𝑒 𝑜𝑓 𝑖𝑡ℎ 𝑠𝑎𝑚𝑝𝑙𝑒 𝑤𝑖𝑡ℎ𝑖𝑛 𝑡𝑜𝑡𝑎𝑙 𝑛 𝑠𝑎𝑚𝑝𝑙𝑒 

The total sum of squares equals the treatment sum of squares plus the error sum of squares:  

𝑺𝑺𝑻 =  𝑺𝑺𝑻𝑹 +  𝑺𝑺𝑬 
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Two-Way ANOVA Identity 

𝑺𝑺𝑻𝒐𝒕𝒂𝒍 =  𝑺𝑺(𝒇𝒂𝒄𝒕𝒐𝒓𝑨) + 𝑺𝑺(𝒇𝒂𝒄𝒕𝒐𝒓𝑩) + 𝑺𝑺(𝒊𝒏𝒕𝒆𝒓𝒂𝒄𝒕𝒊𝒐𝒏𝑨𝑩 𝒃𝒆𝒕𝒘𝒆𝒆𝒏 𝒄𝒆𝒍𝒍𝒔)  +  𝑺𝑺𝑬(𝒘𝒊𝒕𝒉𝒊𝒏 𝒄𝒆𝒍𝒍𝒔) 

ANOVA Table 

  

                            One-Way ANOVA Table 

 

 

 

                                                                                         Two-Way ANOVA Table 

 

Performing a One-Way ANOVA 

 

Courtesy: Introductory Statistics. Neil A. Weiss. 9th Edition. 

k= no. of levels in factor A 
m= no. of levels in factor B 
R= is the number of replications in each cell 
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One-Way ANOVA is a right tailed test: 

𝐻0 ∶ µ1 = µ2 = ⋯ = µ𝑛 (all means are equal) 

                                                  𝐻𝑎 ∶ Not all means are equal 

If 𝐻0 is true then the test statistic 𝐹 =
𝑀𝑆𝑇𝑅

𝑀𝑆𝐸
 will have F distribution with 𝑑𝑓 = (𝑘 − 1, 𝑛 − 𝑘) 

It can be shown mathematically that if  𝐻0 is true, MSTR & MSE both are independent 

estimators of the same quantity 𝜎2. Thus under 𝐻0 , F will tend to be 1. 

If 𝐻𝑎 is true then 𝑀𝑆𝑇𝑅 > 𝑀𝑆𝐸 and F will be further apart from 1. 

So, ANOVA is always right tailed test. 

 

 

 

 

 

 

 

 

 

Courtesy: Introductory Statistics. Neil A. Weiss. 9th Edition. 
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Problem 1: 

Independent simple random samples of 

households in the four U.S.  regions 

yielded  the  data  on  last year’s  energy  

consumptions shown in the following 

Table. At the 5% significance level, do 

the data provide sufficient evidence to 

conclude that a difference exists in last year’s mean energy consumption by households among 

the four U.S. regions? 

One-way ANOVA using Matlab:  

% Checking assumption 3 : the variable under consideration is normally distributed 

clear all   
close all 
clc 
x = [15 10 13 14 13 17 12 18 13 15 12 11 7 9 13 10 12 8 7 9]; 
group = 

{'Northeast','Northeast','Northeast','Northeast','Northeast','Midwest','Midwest','Midwe

st','Midwest','Midwest','Midwest','South','South','South','South','West','West','West',

'West','West'}; 
Northeast=x(1,1:5); 
Midwest=x(1,6:11); 
South=x(1,12:15); 
West=x(1,16:20); 
figure(1) 
subplot 221 
normplot(Northeast); 
xlabel('Northeast') 
subplot 222 
normplot(Midwest); 
xlabel('Midwest') 
subplot 223 
normplot(South); 
xlabel('South') 
subplot 224 
normplot(West); 
xlabel('West') 
figure(2) 
boxplot(x,group) 

% comment: Normal probability plots are roughly linear and contains no 
% outlier so assuption 3 is satisfied 
SSDEV=[std(Northeast) std(Midwest) std(South) std(West)]; 
assump4=max(SSDEV)/min(SSDEV) 
% assump4=1.3836<2 so assumption 4 is satisfied 

 

%performing One-way ANOVA 

 

[p,table,stats] = anova1(x,group) 

 
% you can also use ‘anova1(x,group)’ command 

 

 

 

 

 

 

 

Northeast Midwest South West 

15 17 11 10 

10 12 7 12 

13 18 9 8 

14 13 13 7 

13 15  9 

 12   
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Interpretation of One-way ANOVA Table: 
 

Last column of the One-way ANOVA Table (generated by MATLAB) shows p-value of the test i.e. P = 0.005. 

In this test, α=0.05.  

Since, P < α we reject the null hypothesis 𝐻0 ∶ µ1 = µ2 = µ3 = µ4  (mean energy consumptions are equal) 

 

Interpretation: At the 5% significance level, the data provide sufficient evidence to  conclude  that  a  

difference  exists  in  last  year’s  mean  energy  consumption  by households among the four U.S. regions. 

Evidently, at least two of the regions have different mean energy consumptions. 

 

Question: Why the two boxplots are different? 

 

Performing Multiple comparison test to get information about which pairs of means are significantly 

different: 

 
[p,table,stats] = anova1(x,group) 
c = multcompare(stats) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Note : The output c contains the results of the test in the form of a six-column matrix. Each row of the matrix represents 

one test, and there is one row for each pair of groups. The entries in the row indicate the means being compared, the 

estimated difference in means, a confidence interval for the difference, and a p-value for the hypothesis test that the 
corresponding mean difference is different from zero. 

For example, suppose one row contains the following entries. 

  

2.0000   5.0000   1.9442   8.2206   14.4971   0.0432 
 

These numbers indicate that the mean of group 2 minus the mean of group 5 is estimated to be 8.2206, and a 95% 

confidence interval for the true difference of the means is [1.9442, 14.4971]. The p-value for the corresponding 
hypothesis test that the difference of the means of groups 2 and 5 is significantly different from zero is 0.0432.  The p-

value of 0.0432 also indicates that the difference of the means of groups 2 and 5 is significantly different from zero. 
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One-way ANOVA using MS Excel:  

 

 

 

 

 

 

 

 

 

Step 1                                                                                                  Step 2                     

 
                 Step 3                     

 
Step 4                                                                               Step 5           

                                  

cv 
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Last column of the One-way ANOVA Table (generated by MS Excel) shows critical value of F corresponding 

to significance level α=0.05. 

 

Interpretation: same as previous. 

 

Problem 2: 

A pharmaceutical company is testing a new drug to see if it helps reduce the time to recover from a 

fever at 5% significance level. They decide to test the drug on three different races (Caucasian, 

African American, and Hispanic) and both genders (male and female). This makes six treatments (3 

races × 2 genders = 6 treatments).They randomly select five test subjects from each of those six 

treatments, so all together, they have 3 × 2 × 5 = 30 test subjects. 

 

The response variable is the time in minutes after taking the medicine before the fever is reduced. 

 

The data might look something like this. 
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Hypothesis Tests 

There are three sets of hypothesis tests for the Two-Way ANOVA. 

1. H0: The means of each row (race) are equal 

H1: The mean of at least one row (race) is different 

2. H0: The means of each column (gender) are equal 

H1: The mean of at least one column (gender) is different 

3. H0: There is no interaction between the row (race) and column (gender) 

H1: There is interaction between the row (race) and column (gender) 

The first two hypotheses are essentially one-way ANOVAs for the row (race) or column (gender) variables. 

The third hypothesis is similar to a chi-squared test for independence where no interaction means they are not 

related to each other. This test is also similar to the test for independence in the way that the degrees of freedom 

are calculated, the df here is the df(Row) × df(Column). 

Two-way ANOVA using Matlab:  

clear all; close all; clc 
drug_data=[54   25 
           49   29 
           59   47 
           39   26 
           55   28 
           53   46 
           72   51 
           43   33 
           56   47 
           52   41 
           33   18 
           30   21 
           26   34 
           25   40 
           29   24 ]; 
[p,table,stats]= anova2(drug_data,5) 
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Two-way ANOVA using MS Excel: 

 

 
Interpretation: At the 5% significance level, we reject 1. H0: The means of each row (race) are equal, we 

reject 2. H0: The means of each column (gender) are equal and we reject 3. H0: There is no interaction between 

the row (race) and column (gender). 

 

 

 



Rushdi Zahid Rusho| Lecturer/BME/KUET/2018                                                                                                     Page 12 of 12 

Two-way ANOVA using Matlab (Multiple comparison test):  

[p,table,stats]= anova2(drug_data,5) 
figure(1) 
c_race=multcompare(stats,'estimate','row') 
figure(2) 
c_gender=multcompare(stats) 

 

 

 
N-way ANOVA (N=3) using Matlab:  

USE Matlab help menu  

Code syntax: 

 

[p,table,stats,terms] = anovan(y,group,param,val) 

END 


